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Algorithms is coding
Complex analysis is only for the analysis of algorithms
(and, in fact, only the very fine structure of it)

If I'm happy with rough estimates
and heuristic performance analysis,
| can just live without
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Algorithms is g0

erformance analysis,
| can just live without

A first example: in the Boltzmann method you need complex
analysis in the preprocessing, for finding “the value of the oracle”

In this talk you see a more striking example: complex analysis is
used all the time along the core part of the algorithm

Moral: if complex analysis “knows the truth” on the asymptotics
of your random structures, (and it's the only one who knows),
no surprise that algorithms not using it have worse performances. . .
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Part 1

An introduction to
Exact Sampling

i e
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Part 1

An introduction to
Exact Sampling

(with a zest of
Statistical Mechanics

e

Andrea Sportiello The SPQR Method for exact sampling



Exact sampling

Our goal today is the exact sampling
of large random combinatorial structures.

Large: “size n". We want to do that fast.

In many cases, it is obvious that you can do that
in T(n) ~ exp(an) or T(n) ~ exp(an Inn).
And you are much happier with a polynomial algorithm, T(n) ~ n?.

This is what happens, for example, with Coupling From The Past
of Propp and Wilson (used e.g. for the Potts Model), or with
Wilson's cycle-popping algorithm for Uniform Spanning Trees.

However, if the problem is easy, we want to do that really fast:
in quasi-linear time T(n) ~ n- (Inn)7.
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A prototype of easy problem

What do we mean by "“if the problem is easy” 7

A typical example of an easy problem is directed walks.
Let's do that in D = 2, just to be definite.
You have some “nice” functions hy , vy, : N> — RY,
and you want to sample paths w : (0,0) — (n — m, m),
according to the unnormalised measure

p(w) = H Vx,y H hxy

¥ (o) &

x,y)
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A prototype of easy problem

What do we mean by "“if the problem is easy” 7

A typical example of an easy problem is directed walks.
Let's do that in D = 2, just to be definite.
You have some “nice” functions hy , vy, : N> — RY,
and you want to sample paths w : (0,0) — (n — m, m),
according to the unnormalised measure

p(w) = H Vx,y H hxy

¥ (o) &

x,y)
Examples:
e directed walks (binomials): h,, = v, = L.
e directed walks weighted with their area (g-binomials):
hx,y =q’; Vx,y = 1.
e P(n, m) = partitions of [n] into m parts (Stirling of 2nd kind):
hx,y =Y, Vxy = 1.
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A prototype of easy problem

What do we mean by "“if the problem is easy” 7

A typical example of an easy problem is directed walks.
Let's do that in D = 2, just to be definite.
You have some “nice” functions hy , vy, : N> — RY,
and you want to sample paths w : (0,0) — (n — m, m),
according to the unnormalised measure

p(w) = H Vx,y H hxy

¥ (o) &

x,y)
Examples:
e directed walks (binomials): h,, =v,, =1.
e directed walks weighted with their area (g-binomials): ¢
hx,y =q’; Vx,y = 1.
e P(n, m) = partitions of [n] into m parts (Stirling of 2nd kind): X
hx,y =Y, Vxy = 1.
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A prototype of easy problem

A
Why this probl

em must be easy?

Because its asymptotics is given by calculus of variations in 1D:

s %05

At scales 1 < £ < n,
a typical path looks
like a random walk,
with some drift, diffu-
sion constant and ver-
tical offset.

l<«l<n

(here (n,jm) = (500, 267), hy, = (1.03)”, vy, = x)
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A prototype of easy problem

Why this problem must be easy?
Because its asymptotics is given by calculus of variations in 1D:

Call U(XFX,555) = $ In(viy—1/hx—1,)
Call V(5% 35%) = 3 In(viey-1 - b1y

Call s(x) = —15X In1x — Lox|n 1x

2 2
(Shannon entropy of a binary stream with probabilities 1)

Then the limit profile ¢(t) maximizes the functional

S\l] = /0 at [s(6/(8)) + A (1) + (Ut 6(8)) + V(£ 6(2))]

with )\ determined by the constraint E(¢(1)) = 2m=2.

n

Finally, Znm = exp ((n — 2m)X + nS[¢*] + o(n)).

Andrea Sportiello The SPQR Method for exact sampling



A digression on Random Minimal Automata

Why shall we care of (inhomogeneous) directed random walks?
Because sometimes they are in bijection with more interesting objects
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A digression on Random Minimal Automata

In our case, directed paths with h, , = y can be interpreted
as paths w, x a choice Y(x) € {1,...,y(x)} per horizontal step.
Pairs (w, Y) are in bijection with = € P(n, m),

i.e. partitions of [n] into m non-empty blocks.
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A digression on Random Minimal Automata

In our case, directed paths with h, , = y can be interpreted
as paths w, x a choice Y(x) € {1,...,y(x)} per horizontal step.
Pairs (w, Y) are in bijection with = € P(n, m),

i.e. partitions of [n] into m non-empty blocks.

XX
|X X
I xxx X X
X X X
X X X
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A digression on Random Minimal Automata

In our case, directed paths with h, , = y can be interpreted
as paths w, x a choice Y(x) € {1,...,y(x)} per horizontal step.
Pairs (w, Y) are in bijection with = € P(n, m),

i.e. partitions of [n] into m non-empty blocks.

XX
|X X
I xxx % X
X X X
X X X
X X X X
X X X X X
X X X

For n=km + 1, a O(1) subset of this set (those which are
“k-Dyck™) is in bijection with accessible deterministic complete
automata (ADCA), with m states and alphabet of size k.

Andrea Sportiello The SPQR Method for exact sampling



A digression on Random Minimal Automata

XX
X X
1% xxx X X
X X X
X X X
X X X X
X X X X X
X X

X

A O(1) fraction of P(km + 1, m) (k-Dyck partitions)
is in bijection with ADCA's, on m states and alphabet of size k.
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A digression on Random Minimal Automata

XX
1% X
X | X XX * X
X X X
X X X
X X X X
X X X X X
X X X
5 ]-a]-b]-c232b2c3a3b3c4a4b4c535b5c6a6b6c7a7b7c838b8c939b9c

A O(1) fraction of P(km + 1, m) (k-Dyck partitions)
is in bijection with ADCA's, on m states and alphabet of size k.

RFNWRAROION00O

Andrea Sportiello The SPQR Method for exact sampling



A digression on Random Minimal Automata

XX
X X
X X X
X X X
X
X X X

X X X X
X X X X X
X X X
5 ]-a]-b]- c232b2c3a3b3c4a4b4c535b5c6a6b6c7a7b7c838b8c939b9c

A O(1) fraction of P(km + 1, m) (k-Dyck partitions)
is in bijection with ADCA's, on m states and alphabet of size k.

RNW S UTO~0©O
X
X

Those which are not k-Dyck, with probability 1 — exp(—cs)/+/s
cross the diagonal within the last s steps.

Thus, in a sampling algorithm “starting from the top-left corner”
(as will be our own), are sampled quite efficiently through
anticipated rejection.
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A digression on Random Minimal Automata

A O(1) fraction of ADCA'’s (in fact, 1 — o(1) if k > 3) are minimal.

Thus, if we have quasi-linear exact sampling algorithm for w,
we have a quasi-linear exact sampling algorithm
for random uniform minimal automata.

Andrea Sportiello The SPQR Method for exact sampling



A digression on Random Minimal Automata

A O(1) fraction of ADCA'’s (in fact, 1 — o(1) if k > 3) are minimal.

At k = 2, if we use a modified walk, taking columns in pairs, and
steps with weights w(_ 7, —,\,) = (1, 2y, y>—3x) (no pairs of
columns have the same marks, and boolean status), we get a

fraction 1 — o(1) of minimal automata within ADCA's

km + 1} N (km+1)! exp(m - (k)

m m!
~ 2(k71)m|og2 m exp(m . a/(k))

The complexity for the sole Buffon procedure for sampling the
“black marks" is ~ 2(k=L)mllog2y) , p(k=1)mlogy m exp(m . 3 (k))

P+ 1.m)| = {

®» if we have an exact sampling algorithm for w : (0,0) — (am, m)
with complexity o(mIn m), we have an optimal exact sampling
algorithm for random uniform minimal automata on any alphabet size.
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Directed walks: recursion for Z

Let us call Z, , the normalisation factor

)=l vy Il by Zom= D )
x,y) ®7

T (x, w:(0,0)—(n—m,m)
(x:y)

(Z stands for “Zustandssumme”, as first introduced
by our Austrian friend Ludwig Boltzmann. .. )
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Directed walks: recursion for Z

Let us call Z, , the normalisation factor

)=l vy Il by Zom= D )
x,y) ®7

T (x, w:(0,0)—(n—m,m)
(x:y)

Of course we have

Zn,m = Vn—m,m-1 Zn—l,m—l + hn—m—l,m Zn—1,m

/
r = /
N +
N NN
TN NN NN
1 [TTN =i [ NN = [TNN
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Directed walks: recursion for Z

Let us call Z, , the normalisation factor

)=l vy Il by Zom= D )
x,y) ®7

T (x, w:(0,0)—(n—m,m)
(x:y)

Of course we have

Zn,m = Vn—m,m-1 Zn—l,m—l + hn—m—l,m Zn—1,m

And in fact, for our three examples

()= (1)< (")
= + ;

m m-—1 m

n n—1 min—1

o), L]

mi, m=1lq m 1q

SR A R
= +m ;

m m-—1 m
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Directed walks: recursion for Z

Let us call Z, , the normalisation factor

)=l vy Il by Zom= D )
x,y) ®7

T (x, w:(0,0)—(n—m,m)
(x:y)

Of course we have

Zn,m = Vn—m,m-1 Zn—l,m—l + hn—m—l,m Zn—1,m
What's the difference, then?
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Directed walks: recursion for Z

Let us call Z, , the normalisation factor

)=l vy Il by Zom= D )
x,y) ®7

T (x, w:(0,0)—(n—m,m)
(x:y)

Of course we have
Zn,m = Vn—m,m-1 Zn—l,m—l + hn—m—l,m Zn—1,m
...let's try to solve the recursion ...

<n> _n(n=1)-(n-m+1)

m m(m—-1)---1
H _(1=qNA-q")--(1-g"")
mj, (1-gm)(1—-q™1)---(1-q)

} : no factorisation!

n
m
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An application of the recursive method

What can we do with a factorised formula?
We can perform an exact sampling through a Recursive Method. ..

A walk w is a string (s1,...,sy) in {1,—}".

Define ppm = Zn—1,m—1/Znm. Suppose you can evaluate p, m
(exactly) through an oracle that requires a time 7.

n=nm=m
while n’ > 0 do
This trivial algorithm if Bernp, , then
then has complexity ™ ‘ Sy =1 m=m—1;
T(n)=0O(n)+ 27:1 T; else
5 NTp ‘ Syt =—;
end
end
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An application of the recursive method

The role of the factorised formulas
is in the production of the oracle Bern,, ,,, with

Pn,m = anl,mfl/Zn,m-

reminder:

<n> _ n(n—1)---(n—m+1)
m m(m—-1)---1 '

[n] _(1-g"(1—-q"Y)--(1-g"™Y)
m (1-gm)(1—-g™1)---(1-4q)

q
n . .
: no factorisation!
m
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An application of the recursive method

The role of the factorised formulas
is in the production of the oracle Bern,, ,,, with
Pn,m = anl,mfl/Zn,m-

(m3)/(n) =
=
Lo/

thus

33
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An application of the recursive method

The role of the factorised formulas
is in the production of the oracle Bern,, ,,, with
Pn,m = anl,mfl/Zn,m-

(m3)/(n) =
=
Lo/

Thus, for binomials you need a Buffon machine for rationals
for g-binomials you need a Buffon machine for ratios of g-numbers,
but for Stirling of 2nd kind you are stuck!

thus

33
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StatMech in a nutshell

Let us recall some basic “statistical physics”
(in combinatorial terms. .. ).

In our walks w, we have fixed the arrival point m, within the range
m € {0,1,...,n} of possible values. Thus we are in the
canonical ensemble, with unnormalised measure i, (w).

If we had walks w with non-prescribed arrival point, by setting in
the grand-canonical ensemble. Doing this, we are naturally induced
to introduce a Lagrange multiplier, and have unnormalised

measure pMNw) = 3, e M pum(w).

In large n, marginals of finitely many extensive statistics are
dominated by saddle points: Z(x,y,...) ~exp [nF(&,n,...)],

with € = x/n, n=y/n, ...
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StatMech in a nutshell

In large n, marginals are dominated by saddle points:

Z(x,y,...) ~exp [nF(f,n, .. )]
and in particular, (call @« = m/n)

(%Y, ) =Y €M Zm(x,y,...) ~ [daexp [n(Aa+ F(&,m, ..., q)]

Laplace transform on Z is “tropicalised” into Legendre transform on F
(the (+, x) ring is transformed into (max, +))

The Legendre transform is involutive, (cf. Fourier analogous property)
but only if f is convex, otherwise you get the convexified of f.

BTW, this is the origin of phase coexistence in Nature
(liquid water and vapour coexisting at 100°, instead of a mixture
with density 0.5 g/cm3).
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The Boltzmann method in a nutshell

The Boltzmann method for exact sampling works when:
» you have a sampler in the grand-canonical ensemble (but not
in the canonical one);

» your goal value « is in a region where the convexified of F(«)
coincides with F(«).

» you can find the appropriate “Legendre-dual” parameter
A* = A(«) (the “problem of the oracle™).

The law of large numbers is underlying here. Even at the optimal
value \*, you only get the random variable m" = m+ O(y/m). The
complexity is, in the best of cases, T(n) ~ nz.

If you ask more extensive statistics to have a certain given value,
you get a % in the exponent per parameter.

Still, you may have an algorithm. And it may be your best choice so far.
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An application of the Boltzmann method

Let's see how this works for our directed walks. ..

Assume for simplicity that hy, = h,, and v, , =1
Consider the grandcanonical ensemble of walks that have exactly
m T, and a variable number of —, with a Lagrange multiplier A.

w=(=">2T=2>=21T... 1= =)
—— —— N——
co Cc1 Cm
A ¢
thus we have i\(Co, 1, ..., Cm) = €20 ¥ [ by
andn=m+3 c.
Each ¢, is an independent geometric variable,

e*hy(1+e*hy)
(1—e*hy)?

. Ah .
with average =~ and variance

1—e h,

Thus, A(«) is the solution (if any) of the equation

A
—1. n e hy 1
m 1—erhy 0<y<m 1—erhy, 0<y<m

in the range A € (—oo, —Inmaxh, ).
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An application of the Boltzmann method

As () : (—oo, —Inmaxhy,) — (0,1) is clearly smooth
and monotone, from LNN we get easily the existence and unicity
of a solution, and concentration.

Find a decent approx. of \*,

This trivial algorithm (e.g. by Newton, or by bisection);
then has complexity ™ l’epeflt
T(n) ~ n% n=0;

for y =0 to mdo

(even neglecting
¢y = Geomegxrp,

the time for finding \*,
and the Buffon complexity n=n"+cy;
for the geometric laws) end

until n’ = n;
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The role of complex analysis

The Boltzmann method has a much broader range of applications
than the simple case of directe walks. In its generality, the
determination of A* is based on the formulation of Z(\)
as a Cauchy integral, amenable for a saddle-point analysis.

We could avoid this, as we just had independent geometric variables
Nonetheless, it's instructive to see what does the “standard approach” give:

Zom= Y. HhCy

(CO’ 7Cm)

y Cy=n—m
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The role of complex analysis

The Boltzmann method has a much broader range of applications
than the simple case of directe walks. In its generality, the
determination of A* is based on the formulation of Z(\)
as a Cauchy integral, amenable for a saddle-point analysis.

We could avoid this, as we just had independent geometric variables
Nonetheless, it's instructive to see what does the “standard approach” give:

Zn= 3 1= § > S I

(CO’ 7Cm) (CO»"WC"”)
Cy=n—m

y
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The role of complex analysis

The Boltzmann method has a much broader range of applications
than the simple case of directe walks. In its generality, the
determination of A* is based on the formulation of Z(\)
as a Cauchy integral, amenable for a saddle-point analysis.

We could avoid this, as we just had independent geometric variables
Nonetheless, it's instructive to see what does the “standard approach” give:

Zn= 3 1= § > S I

(CO’ 7Cm) (CO»"WC"”)
Cy=n—m

y

7{27ﬂz e m)HZ (zhy)

y=0 ¢
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The role of complex analysis

The Boltzmann method has a much broader range of applications
than the simple case of directe walks. In its generality, the
determination of A* is based on the formulation of Z(\)
as a Cauchy integral, amenable for a saddle-point analysis.

We could avoid this, as we just had independent geometric variables
Nonetheless, it's instructive to see what does the “standard approach” give:

Zn= 3 1= § > S I

(CO’ 7Cm) (CO»"WC"”)
Cy=n—m

y

7{27ﬂz e m)HZ (zhy)

y=0 ¢
:7{ dz exp —(n—m)lnz—iln(l—zh)
2mi z = Y
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The role of complex analysis

Zom = 7{ 4 [— (n—m)inz—m{In (1 - zhy)>0<y<m]

2mi z

::f dz exp [mSa(2)]

2mi z

. - . d _
Saddle point equation: 3;S.(z) = 0.
Remark: z* satisfies the same equation as the Lagrange multiplier e*”
This is no accident, and is a well-known ‘duality’ between Cauchy
integrals and Lagrange multipliers, occurring in combinatorial
constructions with positive coefficients.

Note that, as a corollary, we get \* € R = z* € RT
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Recursive and Boltzmann methods, in summary

For problems of memoryless strings (i.e. directed random walks)
the generating functions satisfy simple linear recursion relations,
with positive coefficients, amenable to exact sampling through the
Recursive Method, provided that p, , can be evaluated efficiently.
Complexity T(n) S nr, if evaluating p, m costs 7.

This is the case, e.g., when Z, , has a factorised formula, so that
Pn,m is a rational function of constant size.

For problems of “almost-independent” random variables, subject to
a finite number k of global linear constraints (e.g. >, ¢, = n—m),
the Boltzmann strategy, of passing to the grand-canonical
ensemble with suitably-tuned Lagrange multipliers A*, would work

k
with complexity T ~ nl*2 (neglecting some solvable details).

Finding \* is often based on a saddle-point equation.
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Part 2

The SPQR Method
(i.e. Saddle-Point—Query
Recursive Method)
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The SPQR Method

We want to take the good of both Boltzmann and Recursive Methods,
and devise a new “SPQR Method”

The name stands for “Saddle-Point—Query Recursive Method".
That says it all.

When Z, , does not have a factorised formula, it may still have a
saddle-point formulation, so that p, ,, is a ratio of almost identical
saddle-point integrals

7{ dz A1(z; o) exp [nB(z; a)]

2mi z

Pnm = Z
jq{ d Ao(z; ) exp [nB(z; )]

2mi z

As well known, if the dominant saddle point structure is simple,

Ai(z*; d
Pn,m = A;E;;Z;(l +0(n ™), where z* solves EB(Z; a) = 0.
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Roadmap to an algorithm

What do we need to turn the SPQR idea into an algorithm?
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Roadmap to an algorithm

What do we need to turn the SPQR idea into an algorithm?

» Transform the saddle-point integral perturbative series into a
hierarchy of rigorous bounds.

Pom = A (14 L61(z") + 5 Go(2) + -+

Pom S ﬁ;g:;gg (1+1Gi(z") + L2 Go(z") + - + LG (2")
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Roadmap to an algorithm

What do we need to turn the SPQR idea into an algorithm?

» Transform the saddle-point integral perturbative series into a
hierarchy of rigorous bounds.

» Re-use the information on (a decent approximation of)
z*(n, m) for evaluating (a d. a. of) z*(n — 1, m’), where
m = mor m— 1. E.g. by one step of Newton algorithm.

Pom = A (14 L61(z") + 5 Go(2) + -+

Pom S ﬁ;g:;gg (1+1Gi(z") + L2 Go(z") + - + LG (2")
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Roadmap to an algorithm

What do we need to turn the SPQR idea into an algorithm?

» Transform the saddle-point integral perturbative series into a
hierarchy of rigorous bounds.

» Re-use the information on (a decent approximation of)
z*(n, m) for evaluating (a d. a. of) z*(n — 1, m’), where
m = mor m— 1. E.g. by one step of Newton algorithm.

» When n is too small (say n ~ N%) our bounds become large.
At that point you finish with another algorithm (say, with
complexity T(n) ~ n? ~ N).

Pom = A (14 L61(z") + 5 Go(2) + -+

Pom S ﬁ;g:;gg (1+1Gi(z") + 2 Go(z") + - + LG (2")
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Recursive Method with approx. branching probabilities

n=nm=m,
while n’ > 0 do
if Bern, , , then
‘ Sy =1 m=m —1;

This was the Recursive Method
when p, , can be calculated.

Complexity » else
T(n)=0(n)+> " 7 o
<nm, | *n '
end
end
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Recursive Method with approx. branching probabilities

n=nm=m,
while n’ > 0 do
if Bernpn,ym, then
‘ Sp=T; m=m—1,

This was the Recursive Method
when p, , can be calculated.

Complexity » else
T(n)=0(n)+> " 7 o
<nm, | *n '
end
end

The SPQR Method variant enters in “if Bern, , "...

We have a “hierarchy of bounds” p,jf,,lﬁ with p,T,,ﬁ — p,?j,ﬁ =0(n ")
Calculating p,jf,,f costs T,(,k)
“New" complexity:

nTp—>nd., pktr ) — e 2@ 1 By
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The Newton step

0.2

0.15
0.1
0.05

Unless things go bad,
a Newton step doubles
the number of
“good” digits

~0.6-0#—02"T 02 04 06
f(z) =z+ az®+a3z® + -
f(z
N(z) =z £
2(32 +2(az — a%)z—i— )

zZ
V4
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The Newton step

0.2

0.15
0.1
0.05

Unless things go bad,
a Newton step doubles
the number of
“good” digits

-0.6-04—02"1 02 04 06
f(z) =z+ az®+a3z® + -
N@) =z- 1%
= Z?(ax+2(a3—a3)z+ )

Again, you need to transform a perturbative expansion
into a rigorous (bilateral) bound

In general, you revert to Blum, Cucker, Shub and Smale:
Complexity and Real Computation (ch. 8 and 9)

For a specific function, you might have a shortcut. ..
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Quick certifications of Newton Method

Being “near enough” to a zero the precision doubles at each step.
The theorems in [BCSS] give complicated sufficient conditions.

If your function f(z) is gentle enough, this property may hold
globally, for all problems f(z) = h and starting position zp:
let f(zoo) = h and z1 = Nu(20) = 20 — (f(20) — h)/f'(20),
for all pairs (2o, h) you may have |zo — z1| < |20 — 20]2.

Say a function y(x) is fast if both y(x) and x(y) can be computed

efficiently. E.g., y(x) = iﬁig (Mobius transformation).

Normally, you are not so lucky, and f is not gentle. ..
But you have the right of playing with monotone transformations
f — g = ¢10f oy, with both ¢, 's fast, so that the resulting
function g is gentle.
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The saddle point equation for Stirling 2nd kind is gentle

The saddle point equation for our { } is v = 1=2= =: f(2)

f(z) : RT — (0,1]. It is not gentle (and has not compact support).
Choose f — g = ¢1 0 f 0 ¢ with ¢1(z) = 43%2 and ¢»(z) = %

The new function g : [0,1] — [0, 1] is gentle

8

RIS
Zoo — 21 R KRR RKRRRRRR "‘.’,‘,:‘::::‘::::“:s‘: N
S RERXRRA? Hnm
SRR
X AN
KRR
6 RS
‘ LRSS
R (KRR
Y 0 CRRAXXYRRSY .
SR image of
R
R Gt 20,2 e [0.1]2
RS QA
N «:“:‘:‘:‘:‘:‘:‘:’:‘: ) “00 9

for exact sampling
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A number of preliminary results. . .

Now we have to produce our claimed
hierarchy of saddle-point rigorous bounds

Ai(z*; a) 1 . 1 .
Pn,m = Ao(z; ) (1+EG1(Z )+pG2(Z )+-0)
Ai(z*; a) 1 . 1 . 1 4, .,
< il Bl o=
Pnm S ol ) (1+ nGl(Z )+ e Go(z")+ -+ p: G (z)
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A number of preliminary results. . .

Now we have to produce our claimed
hierarchy of saddle-point rigorous bounds

Ai(z*; a) 1 . 1 .
Pn,m Ao(z; ) (1+EG1(Z )+pG2(Z )+-0)
Ai(z*; a) 1 . 1 . 1 4, .,
< il Bl o=
Pnm S ol ) (1+ nGl(Z )+ e Go(z")+ -+ p: G (z)

For this we need some preliminary definitions and results:

> a notation for propagation of errors in C;
» a notion of “sign decomposition” of a function;

> a result on the formal inversion of S(x(y)) = y?;

Andrea Sportiello The SPQR Method for exact sampling



The A& notation for propagation of errors in C

For x,a€ C, b€ R*, let x = ax b mean |x — a|] < b.
Let (a b) = (c£d) mean (x = a£ b) = (x = c £ d).

Nice properties:

(axb)+(ctd)=(a+c)t(b+d);
claz b) = cat|c|b;

and, when f(z) is analytic,
flax b) = f(a)£ b b = maxg|f(a+ be®) — f(a)|

Among the corollaries of this fact, we have for b € R™

exp(£ b) = 14 (e? — 1) beR"
ath a>b
cﬁ;dgc2—d2((ac+bd)i(ad+bc)) c>d
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The A& notation for propagation of errors in C

Other special case: P(z) = p1z + p2z? + ...+ pgz9 on D,

|p2 | +-+|paln? _
eP2) — ePlzei(|P222|+""+|PdZd\) 2L Pz (1 + |Z‘2 e 1)

72
We need a similar result for generic functions.
Let f(z) = fo + fiz + fz?> + - - -, analytic and with radius of conv. p
Call fll(2)=fh+ Az+hHz?+-- 4 fr_yzK 1.
For ) < p, we want r(n) such that f(z) € fIK(2) £ r(n)|z|*.

If, for j > k, all coefficients f; are real positive, then
f(n) — fl
f(Z) _ f[k](Z);t |Z|k (77) - (77) )
n

Analogous tricks if f;'s are all negative, or have alternating sign.
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Sign-decomposition of a function

Let 7. o, the space of analytic functions f(z) = 3_; fiz/
with sign(f;) = o and sign(fj11) = oo.

We just said that, for f € F,, ,,, we can find good bounds
f(z) = fI(2) £ r(n)|z|* (in the disk of radius 7).

You want to do that for your functions A(z) and B(z)
in the saddle-point integral | = § 232 A(z) exp(nB(z)). . .

2miz
. but most of functions are not this way!

Still, you can decompose

f(z) = f14(2) + f1—(2) + -+(2) + £-_(2),
with f5, 5o € Fy. 5., and all “computable efficiently”.
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Sign-decomposition of a function

In our example for Stirling’s 2nd kind { } for ”+’"+1 =S

Be(x) = (1 =€) In(e" = 1) = (In(¢ + x)

for all ¢ € R™ we find
» —(In(¢ + x) € F_4 (obvious)
» (1—e ¢)In(e"™ — 1) € Fy_ (smart)
Call y = e=¢. Write (1 — e ) In(e¢t* — 1) = a(¢) + b(¢) In elx—?/
(with a(¢), b(¢) > 0). Then

e —y X (=1)"! k
| — AT o n
’ 1_y+ynzk:”!(1—y)” ey

1-y

where the coefficients T, are the Eulerian numbers
(number of permutations of n+ 1 objects with k rises)
http://oeis.org/A008292 = T, , € N.
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Formal inversion of S(x(y)) =y

We want to “rectify” the function S(z) of the Cauchy integral
§ A(z) exp(nS(z))dz, at the (simple) saddle point z = z*,
into an exact parabola, through a change of variables.

At this aim we want to solve the equation S(x(y)) = y?, given that
x(y) =y +apy® +asy3 +...and S(x) = x2 + b3x3 + bgx* + . ..
(x(y) and S(x) are formal power series)

The problem exists in two versions: @ find a, given b; @ find b, given a.
We need to solve, for all k > 3, Ci(a, b) := [y¥]S(x(y)) =0
Remark: Ck(a, b) =2akx_1+ bk + C,/(({ah}hgk_z, {bh}hgk—l)v

Thus the system of equations is triangular and linear,
for both versions of the problem.
The solution is unique, and is find quite efficiently.
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2

Formal inversion of S(x(y)) =y

The first few terms for b(a) read

bs = —2a
by =5 a% —2a3
bs = —1433 +12aza3 — 2 a4
be = 42 a3 — 56 a3a3 + 7 a3 + 14 apas — 2 a5
by = —132 a3 + 240 agag - 72 agag - 72 a§a4
+ 16 azas + 16 axas — 2 ag
bg = 429 a5 — 990 a3az + 495 a3a2 — 30 a3 + 330 a3ay
— 180 azazas + 9 aﬁ —90 a§a5 + 18 azas + 18 apag — 2 a7
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2

Formal inversion of S(x(y)) =y

For a(b), we better visualise even and odd coefficients separately

2a, = —bs; 2ay = —2 b3 + 3 b3by — bs;
2ag = —7 b3 +20b3by — 10 b3b — 10 b3 bs + 4 bybs + 4 bsbg — by ;
and
2823 =5b3 —4by
2"a5 = 231 by — 504 b3by + 112 b3 + 224 b3bs — 64 bg ;
2115; = 14586 b — 51480 bg by + 41184 b3 b — 4224 by + 27456 b3 bs
— 25344 bybybs 4 2304 b2 — 12672 b3 bg + 4608 by b
+ 4608 b3b; — 1024 bg .

In our algorithm we only need the solution a(b) up to a given
order. Thus this is a fixed O(1) preprocessing.
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The hierarchy of saddle-point bounds

How do we produce our bounds,
in the case of Stirling numbers of second kind?
» Recall the decomposition B(x; () = B_4(x;¢) + B4—_(x;¢);
» For each summand, near to x = x* and within a radius 7,
write Byr(x; () = BL[,kT](X; ¢) & r(n)|x — x*|k;
» Use the solution to S(x(y)) = y? to bring higher orders out of
the exponential;
» Perform the corresponding integrals, which are moments of
the Gaussian (deal with the tail terms |x — x*| > 7 as usual);
» The moments associated to £ |x — x*|¥ factors cause the gap
between lower and upper bound. They get a factor m_%;

;tb . Aq-e
» Use the formula for % to finally get py m = ?;A;..
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ACHILLES
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Part 3

The Zeno—Boltzmann Method/
(a.k.a. Achilles and the tortoise /

o
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Boltzmann Method: a metaphore from the continuum

Brownian Motion BM(t;, x.; tg; v) | Brownian Bridge BB(t., x;; tgr, Xgr)

MvXR)

(tleD/—/ tk—e (tL]xL)

Let's play the following exercice de style:
Suppose you have a perfect sampler for BM(t;, x;; tg; v).
How can you produce a sampler for BB(0, 0; t, x)?

Claim: the original idea of Boltzmann samplers is to sample
BM(0, 0; t; x/t), and reject if you don't arrive at the good point.
Acceptance rate in the discrete: ~ ns.

Goes to zero in the continuum limit!
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Boltzmann Method: a metaphore from the continuum

Brownian Motion BM(t;, x.; tg; v) | Brownian Bridge BB(t., x;; tgr, Xgr)

MvXR)

(tleD/—/ tk? (tL]xL)

Let's play the following exercice de style:
4@6’Suppose you have a perfect sampler for BM(tL,xL, tR, v).

the new strategy is to sample BM(0, 0; at; x/t)
(o € (0,1), e.g. « =1/2), and reject with a probability related to
BM and BB marginals. Then, restart with the remaining interval.

Claim: acceptance rate is v/1 — . Finite, both in the discrete and
continuum, and in fact arbitrarily near to optimal (o — 0).
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Boltzmann Method: a metaphore from the continuum

Brownian Motion BM(t;, x.; tg; v) | Brownian Bridge BB(t., x;; tgr, Xgr)

M, XR)
(te[x0) (1[0
(E(x,s) = a=exp (— 2);in BB, v: Mo s )
Pen({ti, xi}y) dx = dxﬁ E(xi_;— vt j,ti ;)
B k+1

Peg({ti, xi Hog)dx = dxE(xf — vt tf) ] ECdoy — vilq, tfy)
i=1

E(xf — vtR, tF)
=P tr,x; M ) dx k ko "k
e i) X v 1)
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Boltzmann Method: a metaphore from the continuum

Brownian Motion BM(t;, x.; tg; v) | Brownian Bridge BB(t., x;; tgr, Xgr)

MvXR)

(tleL) tk? (tLlXL)
Pop(at,x) . _Goae
= —_— = (1—a)t
Acc.Rateq(x) Pt (o, x) Ce

Can choose C =1 (instead of Boltzmann's C ~ 1/4/n)

Pgp (a t, X) o (x=E(x))?

E(Acc.Rate,) = | dx 2(1-a)t
( a) / PBM(OA',X)
1 (—E()?  _ x=E(x)?
= dX G_T e 2(1—a)t — 1 —
/ V2rat
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Directed walks under the new paradigm

Let us come back to our problem on the lattice:
w:(0,0) = (n— m, m), in the case hy, = h, and v, = 1.
We already determined
w=(=>2t=2=T...T=2>—)

S—— N—— SN——

(o)) c1 Cm

m
ME’M(CO,CI: o Cm) = (H h}cly)e)\ZyCy
y=0
m
1BB(co, 1y ..y Cm) = <H h}c,y>x[n =m+ ch]
y=0 y

n_ <1>
m 1—erhy, 0<y<m
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Directed walks under the new paradigm

How would you make an algorithm?
» select Y C {0,1,...,m}, |Y| ~ am, through i.i.d. Bern,.
» Sample the geometric variables ¢, = Geomexhy.
» Calculate their sum ngmp(Y) = Zer Cy.
» Calculate the acceptance rate py (nsamp)-

» If Randjg 1) < py(nsamp), accept the partial configuration and
repeat on Y¢, otherwise repeat on [m].
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Directed walks under the new paradigm

How would you make an algorithm?
» select Y C {0,1,...,m}, |Y| ~ am, through i.i.d. Bern,.
» Sample the geometric variables ¢, = Geomexhy.
> Calculate their sum nsamp(Y) =3 cy ¢y
» Calculate the acceptance rate py (nsamp)-
» If Randjg 1) < py(nsamp), accept the partial configuration and
repeat on Y¢, otherwise repeat on [m].

py(n) is approximatively a Gaussian with ‘good’ properties, as we
know from the analogy with BM /BB process. So E(py) = O(1).
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Directed walks under the new paradigm

How would you make an algorithm?
» select Y C {0,1,...,m}, |Y| ~ am, through i.i.d. Bern,.
» Sample the geometric variables ¢, = Geomexhy.
> Calculate their sum nsamp(Y) =3 cy ¢y
» Calculate the acceptance rate py (nsamp)-
» If Randjg 1) < py(nsamp), accept the partial configuration and
repeat on Y¢, otherwise repeat on [m].

py(n) is approximatively a Gaussian with ‘good’ properties, as we
know from the analogy with BM /BB process. So E(py) = O(1).

But you don't know its value analytically
(just as in the Recursive Method “bad cases”)
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Directed walks under the new paradigm

How would you make an algorithm?
» select Y C {0,1,...,m}, |Y| ~ am, through i.i.d. Bern,.
» Sample the geometric variables ¢, = Geomexhy.
> Calculate their sum nsamp(Y) =3 cy ¢y
» Calculate the acceptance rate py (nsamp)-

» If Randjg 1) < py(nsamp), accept the partial configuration and
repeat on Y¢, otherwise repeat on [m].

py(n) is approximatively a Gaussian with ‘good’ properties, as we
know from the analogy with BM /BB process. So E(py) = O(1).

But you don't know its value analytically
(just as in the Recursive Method “bad cases”)

So you must again use a saddle-point—query!
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Directed walks under the new paradigm: complexity

Let us show that optimality can be reached, within a simplified
complexity paradigm: you have a unit cost per sampling of a
geometric random variable, and a cost s per saddle-point—query.

Optimality would be Top = n

The complexity satisfies

T(n)= aren[gjl] <\/117a0m + T((1—a)n) + 5)

Make the ansatz T(n) = n+ By/n. Plug in the equation above,
take the leading term for a < 1, and derive B = 1/8s, a* = Vo

Thus an asymptotically optimal strategy is to sample the square
root of the number of remaining variables at each round.
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Directed walks under the new paradigm: complexity

Even in a less restrictive setting, with unit cost per geometric
random variable, and a cost s(n) ~ sn? per saddle-point—query
at size n (with v < 1), we still have optimality

We now have
T(n) = min <;om +T((1—a)n)+s n”)
a€0,1] \v/1 — o

Make the ansatz T(n) = n+ Bn®. Substitute above, take o < 1. ..

2
n+ Bn® =n+ Bn® + min (a—n—aﬁBnﬂ+sn7)
a€0,1] \ 2

(5213)2 n26-1

...thatgivesﬁ:“‘T’Y,B:ﬁanda*:@ “fol

...that gives o = BBn®~1 and leaves with sn? =

Here an asymptotically optimal strategy is to sample a fraction
1
n'z of the remaining variables at each round.
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