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The problem

e Consider a data series

e.g. daily temperature (averagain, max at Paris Montsouris
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e What is the probability of observing a given pattern ?

e.g. 3 consecutive rises in theaxseries
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Probabilistic approach

e Data modelled asi.d. random variablesx;

e Distribution of the x; can be taken to beniform on [0, 1]

If X >X_1,thereis aiseatthei -th place: & = +
If Xi <X_1,thereis dall atthei -th place: ¢ = —

e What is the probabilityP, (g1, -, €n)

of observing a given pattera,---.&, of n rises and falls ?



Recursive scheme to calculai& (€, - -, €p)

e Condition onlast variable

Let f(Xx)dx=Prob{e1,---,&n and X< X, <x+dx}
1
So Pn(sl,---,sn):/ fi(X) dx
0
e Linear integral recursion relation (transfer operator)

If &, — —, then fn(x / fo 1 (y

Example: pattern ++ —




Motivations

e Applications
Null modelto which real data could be compared

Recent work on microarray data in geneticgFink et al 2007)

e Results
Alternating patterns yield?, ~ (2/m)"  (André 1879, 1881)
How generic is exponential law,, ~ e " ?
o has physical interpretation of an entropy
Omin =IN35 = 0.451582 - in spin chain (Derrida & Gardner 1986)
Can a Dbe calculated for all (periodic) families of patterns ?

How is a distributed for long pattern chosen at random ?



e Technical

Reminiscent of calculation of partition function

roil12---n—1n

of open chain ofn+ 1 points in unit 3-dim ball  (ri_1; = [Xi — Xj_1|)

Context: Multiple scattering of waves (with D. Boos and J.Y. Fortin)
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Combinatorial approach

e Data modelled agniform random permutatiomw on n+1 objects{0,1,--- . n}

If o; > 0j_1,thereis aiseatthei -th place: g = +
If 0; <0j_1,thereis dall atthei -th place: g = —

The patterney, - - -, €, IS theup-down signaturef o

(Andre 1879, 1881; MacMahon 1915, De Bruijn 1970, Viennot 1979 ...)

An(‘?'l; .. 7gn)
(n+1)!

where An(€1,---,€n) IS the number of permutations

e The probability readsP, (€1, -, &) =

whose up-down signature is;, - - -, €



Recursive scheme to calculatg (€1, -, €n)

e Condition again omast variable
Let a,; be the number of permutations

whose signature i$1, ---,&n and such thato, = |

So An(es, Z)anj

e Linear recursion relation (De Bruijn 1970, Viennot 1979, Atkinson 1985 ...)

=0
If an:+,then{an’0 ’ o
dnj = anj-1+an-1j-1 (j=1,--

an,n:O;

8nj=anji1+tan1; (j=0,--,n—1),

|f sn:+,then{

This is a generalization of thHeoustrophedon algorithm
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Alternating permutations anabustrophedon algorithm

Alternating permutationse, =+ —+—+—--+)

0)

0—1
l1—1+0
O—1—2—2
5«5+« 4—2+0
O—5—-10—-14— 16— 16
61— 61— 56+ 46+— 32— 16— 0

Word boustrophedoif‘turning ox”) introduced in this context by Millar et al.996)
Construction attributed to Seidgl877)
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Ancient boustrophedonic inscription

Gortyne Island, near Cretéth century BC)
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Explicit correspondence between both approaches

1 n
Po = Po= [ f0d,  An= Y an;
. 0 =0
e Probabilistic and combinatorial approaches complemgntar
e Both f,(x) and a,; obey linear recursion relations

e EXxplicit correspondence given by
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The most and least probable patterns
Among the 2" patternseq,---,€, of length n

e Two most probable patternthe alternating ones (see below)
+—+—+—-and —+—+—+--
Pr~(2/M", oa=dmn=In5 (André 1879, 1881)
e Two least probable patternthe steady ones

.e., the rising one+ + +--- and the falling one— — —---

Both routes for rising patterns

Probabilistic:  fa(X) =%,  Po= i

Combinatorial: o=1, ayj=0&, Ay=1, Py=_1

(n+1)!
On~Inn
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Periodic patterns: the probabilistic route

Alternating patterns (g =+ —+—+—--+)

e Recursion relations

i) = [ T fa0 = [ a1 (y) dy

e Generating series

Fo(z,X) = kzo fo(X) 2K, Fi1(z,X) = kzo fop 1 (X) 2L

e Integral equations

1 X
X =1+2[ REYd REY=z[ Rzyd
X
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e Differential equation

0°Fo dFo(z,0)
-~ =_7F Fo(z1) =1 — =0
ox2 0 o(z1) =1, 0X
e Solution _
COSZX sinzx
F p— F e —
0(2,X) cosz’ 1(2,%) COSZ

e Generating series for thé,
1
N(z) = Z)Pnzn = —(F1(z,1)+Fo(z0) - 1)
n> -

e Result _
_sinz+ 1-coxz B tanz+sez—1

[1(z
(2 ZC0Sz Z
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Recover thus pioneering results by Agadi 879, 1881)

i 2kt1
tanz = Poy Aok
kZO kZO (2k+1)!
i 2k+-2
sez = 1+ ) Pxi1 =14+ ) A1
kZo kZo (2k+2)!

e The A, are called Euler-Bernoulli numbers or Entringer numbers

2 n+2
Py~ 2 <—)
Tt

e Connection with multiple-scattering problem

e Asymptotic behavior

In = 3n+1P2n+2
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p-alternating patterns: periodo > 2 ending with a single fall

Example: forp=3, e&eg=++—++—++—--

e Generating series

FCI(va) :kzo fkp+q<X)zkp+q (q:()a?p_l)

e Integral equations

1 X
Fo(zx) =1+2z /X Fi(zy)dy, Fq(zx) =z /0 Fo-1(zy)dy  (q#0)

e Differential equation
apFo aqFo(Z, O)

0xd

— _ZpFOa FO(Z7 1) — 17 =0 (q 7é O)

17



e Solution

Tp.q(ZX)
F,(z, X ikt
Q< ) Tp7()<Z)
e Result
1 P—1
M(z) = Tpg(Z) +1—Tpo(z
9= 30 | 2, Tpal@ 1~ Tool
e Probabilities
Pn %ﬂne—an

Smallest real positive zera, of Tpo

Entropy a =Inz

Other zeros atzg = zp(" for q=1,---,p—1
Amplitudes 4, periodic with periodp
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Generalized hyperbolic and trigonometric functions

p>21 q:O,"',p—l, Z:eZTli/p
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Recover thus Mendes and Remmeélisok preprintiresults ... by elementary means

e p=2 yields zp=1
O = Omin = INJ = 0.451582 .-

e p>1 yields zp~ (ph)Y/P

|
az"‘%zlnp—l
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General case

Period p > 2

p—v rises andv falls per period(1<v < p—1), end with a fall

e Differential equation

PRy vop
—axp = (—l) Z Fo

If €p_q=+,then 095 /0x%(z,0) =0

e Solution

Fo(zX) =3 Cq(29Hpg(z¥ or > Cy(2)Tpa(zX)

g g

Sum over thev Indices q such thate,_q = —

Boundary conditions ak =1 yield v linear equations for the&,(z)
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e Result

A(z) is v x v determinant
Entries are generalized hyperbolic or trigonometric fumcs

A(z) is entire function ofzP

e Probabilities
P, ~ 4,e 9"

Smallest real positive zeray of A(z)
Entropy a = Inz
Other zeros atz; = 2p(“ for gq=1,---,p—1

Amplitudes 4, periodic with periodp
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More explicitly

e Two falls at distancesa and b (p=a-+b)

~ |Hpo(z2) Hpp(2)

A0 =10a@  Hpol2

e Three falls at distances, b andc (p=a+b+c) '
Tp0(2) Toc(2  Tpbic(2)

A(z) = | —Tparb(z2)  Tpo(2) Tpn(2)
—Tpa(2)  —Tpatrc(2)  Tpo(2)

Duality v <- p—v vyields infinite sequence of non-linear identities

2
T30 =H3z0—Hsz1Hs2

This is the correct form of erroneous equation (8.14) or @reprint
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Aperiodic families of patterns

Numerical evidence for generic exponential behavioP, ~ e "

eeeeeeeeee

oty = 0.583018 - -




Chirping patterns

Patterns where rises or falls becomere and more seldom

Examples:

e Square chirp: fall at placen iff n=k?

e Triangular chirp: fall at placen iff n= k(k;D
O \\\

~200 | N np ninn e o Inn

_a0o) \\\\\:\\\ | n~~ 2 9 Oy n~ 2
0t |
= cando a,~0lnn forany 0<06<1
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Random patterns

Consider all the2" patternseq,---,€, of n rises and falls

e How large is effectiven, = — = INPy (€1, -,€1) ?

e Have alook at the4096 patterns of lengthn = 12

24
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Multifractal formalism (1)
e Forg=12,---
Zn<q> — z Pn<817 e 78n>q
817...78n

IS the probability thatq independent uniform random permutations

on n+ 1 objects have the same up-down signature

e Mallows & Shepp(1985)have proved large-deviation result
Zq(q) ~ 2™

and calculatedrt(2)

e Interpretation:Generalized (Bnyi) dimension<(q)

1(q) = (9—1)D(q)
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Multifractal formalism (lIl)

e Forfixed a and o < a, define

N(a,é):{el,---,sn

na < —INPy(€1,-+-,&n) < n(a+6)}

e Multifractal hypothesis
dim A(a,d) = f(a), e, |N(a,d)]~ 2nf(@)

e Correspondence betweeriq) and f(a)

(0]

Zn(Q) ~ / g~ pn (@) gy ~, 270
0
Legendre transform:  1(q) = rr&in ( L (0())

In2
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Evidence for full multifractal behavior

Full multifractal behaviormeans bilateral differential Legendre transform

T(q) + f(a) = %, q=In2f(a), a =In21'(q)

. 1
Define the average <X(81,---,8n)>:? Z X(€1, -+ ,€n)
81,"‘,8”

e Typical behavior ofR;

0.2130

(INP,) ~ —agn
g P ’ ap =In27(0) = 0.80636111--
% 0.2120| f Op IS Lyapunov exponent
g o115 Notice remarkable accuracy

0.2110
5

10 15 20 25 30
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e Similarly
((INPR)?) — (INPy)? ~ won
Wo = —In21”(0) = 0.435600 - -

all the cumulants ofin B, extensivégrow linearly in the pattern size )

e Left half a multifractal spectrum:

1(q) = (q—1)D(q) for q=0 f(a) for amn <o < dg
0.8
0.9 D,
D, __06
O og D, S
o4l
071 0.2
D.*
0'60 0.2 0.4 0.6 0.8 1 00-4 0(' : - 08 0.9
q/(a+1) min a
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